of the associated simplicial complexes of S and T. This fact gives a topological meaning to the Segre product of affine semigroups and will play an essential role in the proof of the main result of this paper. If one of the rings k [S] and k [T] is Cohen-Macaulay and σ(S) = τ(T) = N, the conditions of our criterion turn out to be rather simple (Theorem 3.1). From these conditions one can easily derive the results of [1] , [2] , [4] , [16] on the Cohen-Macaulayness and Gorensteiness of Segre products of certain affine semigroup rings. Moreover, as a by-product of our investigation, we can also show that the Buchsbaumness of affine semigroup rings is dependent upon the characteristic of the basic field (Proposition 4.1). This is of some interest because only polynomial rings modulo ideals generated by square-free monomials were known to possess the same property [11] . (Cf. [10] and [16] for the Cohen-Macaulay case). § 1. Preliminaries
In this section, we recall some basic facts on affine semigroup rings. Let Z denote the set of integers. Let G(S) denote the additive group in Z m generated by S and put r = rank z G(S). In this paper, we always assume that r>2.
If A and B are subsets of G(S), A ± B denotes the set of all elements of the forms e ± f with e e A, fe B, respectively. Consider the elements of S as points in the space Q There is the following criterion for an affine semigroup ring to be To prove Theorem 2.1, we need some auxiliary considerations. Let P u --,P P and Q l9 , Q q denote the facets of ^s and <g τ , respectively. Since: has the following p + Q facets:
Proof. We only need to prove that
The conclusion CΞ is obvious. Conversely, each element of (S^ X G(T)) Π F has the form (s -s l9 t -t'), with seS, s t e S Π P 1? ί, f e Γ and σ(s -s^ = τ(ί -V). We may assume that s λ Φ 0, t' Φ 0, Then u = σίs^ 1 and u = r(ί 7 ) > 1. Hence
as required. [5, p. 126] . Therefore, TΓJ is acyclic iff πf or πj is acyclic. Now, we can conclude that condition (ii) of Lemma 1.1 formulated for W is equivalent to condition (ii) of Theorem 2.1. Hence, the statement follows from Lemma 1.1. To give a partial answer to this question, we shall need the notation of generalized Cohen-Macaulay rings (see [6] 
We shall need the following consequences of the condition τ(T) = N. 
Since σ{x) = τ(y) < a(T), by Lemma 3.2(iii) we have Gf liP] = x -S. If σ (S) = iV, then again by Lemma 3.2(iii), G^,^ = y -T. From this it follows that τ(y) = a(T). Since σ(x) = τ(^), σ(x) = a(T).

If τ(T (Ί Qi) = AT for all i = 1, . , g, we also have σ(x) = τ(y) = a(T).
Indeed, by Lemma 1.1, G£, g] = ^* -T for some 3/* e G(T) (τ(y*) = a(T)).
We shall show that y = y*. Write y = y* -t for some t e T, and assume, without restriction, that T is a standard affine semigroup, i. 
. Suppose that k[S] and k[T] are Cohen-Macaulay (res. Gorenstein) rings with σ(S) -τ(T) = N. Then k[W] is a Cohen-Macaulay (res. Gorenstein) ring iff a(S) < 0 and a(T) < 0 (res. a(S) = a(T) < 0).
Proof. The proof immediately follows from Theorem 3.1 and Lemma 1.1.
To illustrate the use of Corollary 3.3 we conisder the so-called Segre-Veronese graded algebras [2] , First, recall that the Veronese k-algebra of type (n, d) is the ring generated by all monomials of degree d in n variables over k. It is the semigroup ring of the aίϊine semigroup k[S(n, d) ] is a Cohen-Macaulay ring, ^s^,ĥ as n facets and it is easy to see that Gf#f = {xeZ n ; x, + + x n = 0 modulo d and x, < 0, i = 1, , τι}.
It is well known that
Hence, using Lemma 1.
has a natural iV-graded structure corresponding to the linear functional x >-• (χ t + ... + x n )jd. A Segre-Veronese graded algebra is the Segre product of Veronese algebras [2] with respect to this natural iV-graded structure. In 1976 Reisner [10] obtained the surprising result that the CohenMacaulayness of polynomial rings modulo ideals generated by square-free monomials is dependent upon the characteristic of the ground field. Later, Solcan [11] showed the same phenomenon for the Buchsbaumness of such rings. By [16] we also know that the Cohen-Macaulayness of affine semigroup rings is dependent upon the characteristic of the ground field. However, one was unable to establish the same phenomenon for the Buchsbaumness of such rings. Now, it will be done by applying results of the preceding sections.
Recall that a local ring A with maximal ideal m is called a Buchsbaum ring if for every system of parameters x l9 ,
Here, we will need the following properties of Buchsbaum rings: (i) Let (A, m) be a Buchsbaum ring of dimension d > 0. Then mfl&A) -0 for all 0 < i < d [14] .
( Then A m is Buchsbaum [7] . In this case, we will also say, for short, that A is a Buchsbaum ring. For the proof, we consider the following two examples. Then Δ can be considered as a subcomplex of the simplicial complex Δ ίuô f non-empty subsets of [1, 6] . J [16] \zJ has the following 10 minimal simplexes: {1,2,3}, {1,2,4}, {1,3,5},' {1,4,6}, {1,5,6}, {2,3,6}, {2,4,5}, {2, 5, 6}, {3, 4, 5}, {3, 4, 6}. Consider the system of linear equations 
